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The recently determined tapemture dependence of the static 
oxygen polarizability anis- i n  teeagomil. BaTiC3 is incorpwated 

i n  the Slater-Devonshire m o l e c u l a r  theory of BaTi030 The displace- 
able-E m o d e l  is redefined i n  terms of relative ion shifts, and it 
is sham that this m o d e l  reproduces the electrostatic pmperties of 
the actual case and is mathmatically i d e n t i c a l  t o  the S l a t e r  m o d e l .  
The static polarizability anisotropy of the Oa-type wen i n  the 
tetragonal phase is e x p x k d  i n  a power series i n  ~e spontaneous 
polarization, and the molecular-model free energy function fm 
the clan@ crystal is derived and canpared to  the scperirrrental 
f u n d a n .  An internal &e& on this m o d e l  yields (dB/dT) = 5.6 x 10-15 
(cgs) , canpared to  the -tal value, 4.5 x 

spontanews polarization and T i  shift of 59,600 esu ard 0.15-0.20 A, 

respect ively,  canpared t o  the experimental data at man tempera-, 
77,000 esu ard 0.16 A. A-ppmxhate Zero-teTtperatun? calculations of 
the s ~ n e  nature m p e r f m e d  for PbfiO3, CdTiO3, SrTiO3, and &Ti03 
using data e x m p o l a t e d  f r a n  the BfiO3 case. 
expected (lurie points are ordered as follows Wi th  respect t o  decl.leas- 
iw temperam: pbTiO3, &EO3, cdTi03,  srTiO3, and caTiO3, w h i c h  
is the experiment& order. 

of E ami 0, linear dipole chains a t  O"X represents the best a p F -  
imation t o  the actual crystal a t  m tenperatme. A calculation 

A -tempexvim calculation based on this m o d e l  yielded a 
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It is shown that a molecular model of &Ti03 misting simply = e  
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based on this m o d e l  yields 72,000 esu and 0.15-0.20 A for the spon- 
- taneous polarization and Ti shift, respect ively,  and the energy -- .. 2 m- 
5s density plot for t h i s  m o d e l  is  practically i d e n t i d  t o  that for the - 
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th-tical approaches to an understanding of the f- 
electric ~turr! of Ban03 have thus far been concerned with three 

distinct but ccmplementary aspects of the phenmenone The &em- 
menological theory of Devonshire (1)* (21, fashioned almg the 
lines of similiar theories of Rochelle salt by Mueller ( 3 )  and 
~ a d y  (4) , consists of expand= the free-energy function of the 
material i n  a puwer series of two sets of independent variables 
(e.g., polarizations and s-t~ains, polarizations and s t ~ s s e s ) ,  

and assuning that th is  single function applies t o  a l l  the variouS 
phases of the material. 
the expansion coefficients -the behavior of others can be i n f m d ,  
and i n  this fashion kvmhire  has been able t o  account far the 
d i e l e d c ,  elastic, and piezoelectric pmperties of Ban03 through 
three phase changes. These phenanenological f r e e - e n q y  expansions 
v i d e  the touchstone for the discussion of the experimental data, 
and the data now available indicate #at  a single function is suffi- 
cient for the description of &"io3 i n  the cubic, tetragonal, and 
or-thorhanbic phases. 

The various molecular theories of BaTiO3 have dealt, quantita- 
tively and qualitatively, w i t h  the internal fields i n  this structure 

and the energy states of the Ti4+ ion o r  the Ti06 octahedron; these 
theories are reviewed ly JOM and S h i m  
molecum theory due to  slater(6) considers a disphceable fi ion 
i n  a clamped (i.e., zero s-1 BaTi03 uni t  cell and f r a n  e 
classical parti t ion function an expression for the local f ie ld  at 
the T i  site is obtained, 
Lorentz analysis of the polarizations which includes the electronic 
polarizabilities of the ions and the geanetric Lorentz factors for 

By e x a r n i n i ~  -the behavior of certain of 

In  particular, the 

This local f ie ld  is then built into a 
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the perovskite structure. This analysis permits the external f ie ld  
t o  be written as a power Series i n  the total polarization, and f m  
this a free energy function is constructed for canparison with the 
phenunenological function, 
ment are the enhanced dipole-dipole coupling between the T i  and 0, 
ions along the polar axis (see Fig, 1) and the relatively negligible 
role of the Ba and ob ions. 

spontaneous polarization as a problem i n  lattice dynamics. 

considers the possible existence of a long-wavelength transverse- 
optical mode just above the Curie temperature, A t  the Curie point 
the frequency of t h i s  mode vanishes without any other m o d e s  i n  the 
crystal becaning unstable; it is Shawn that the " 4 T / 3  c a t a s ~ p e "  
is a consequence of t h i s  vanishing. Since t h i s  "catastrophe" con- 
di t ion is the mainspring of Slater's treatment, we see the inter- 
connections of the various approaches, 
the transverse frequency of i n t e r e s t  according to  Cochran's -1- 
culations turns out t o  be about 10l1 cps w h i c h  is i n  the experi- 
mentally d i f f icu l t  millimeter wavelength range, 

wfiich require further investigation, however, and it is the pur- 
pose of t h i s  paper to examine these i t e m s  in deta i l ,  F i r s t ,  t h i s  

model attributes the entire ionic polarization to  the Ti ion, and 
second, no allowance is made for the tmperatuxe dependent &so- 
tmpy of the electronic polarizabili-ty of the ions. 

on EhTiO3 that  a displaceable-fi model may be defined which con- 
t a i n s  the essential dipolar features of the actual case and which 
is mathematically identical t o  the Slater model, 
recently determined anisotropy of the static oxygen polarizability 
in the tetmgonal phase w i l l  be incorporated in to  the internal- 
f i e ld  trea-bnent along the lines of Slater, and the resulting free- 

The salient features of S la t e r ' s  treat- 

 he =cent approach taken by ~ b ~ h r a n ( 7 )  is t o  treat the onset of 
Cochran 

Capriciously enough, though, 

There are two aspects of the Slater-type molecular model 

It w i l l  be demonsmted using the neutron diffraction data 

Then, tk 



. 
* 

-3- 
c 

energy function w i l l  be canpared to  the experimental function to i n f e r  
the potential energy cmstants of the shift to  6* order4 These 
potential energy data d i n e d  With the p o l a r i z a b i l i ~  data W i l l  be 
used t o  canprte the spontaneous polarization and T i  shift in &Ti03 
based cm the model according to a virtual w m k  principle, 

mTiO3, -03, odTi03, and caTiO3) us* data -plated fron .the 
~aTiO3 data. 

rn BaTiO3, and the question of Curie tenpemtures arises, Accordirgly 
we have adjusted the tempem- scdles on all data used such that the 
Curie tenpemture is 116OC t o  coincide With the polarizability data, 
reference (ll). 

This cal- 
Cuutim win then be exteded to  other peravskite titanates haneJy, 

We shall have occasion i n  t h i s  study to  enploy experimental data 

A l l  numerical calculations i n  t h i s  study rn performed on the 
IBM 1410 at the R. P, I. Cunpting LaboMtcny, and Gaussian units 
are used throughat. 

11, THE DISPLAQEABL€-Ti MODEL 

nEe displaceable-Ti model (alternately known as "rattling model") 
as f irst  defined by Sla t e r  and later used by Kinase (*) and others 
assmes that relative to  the undkplaced lattice sites only the Ti 
ion is displaced, the other ions I.wrainirp: at their lattice sites, 
This model attr ibutes the entire ionic polarization to  the T i  shift, 
The objections to this m o d e l  sten fran two s m s :  first,  Devmhire(*) 
has given argunents to  show that the O a  ion is m o r e  easily displaced 
tfian ~ i ;  and second, the reutmn diffmction data of mer et al (9) 

show that relative to  the Ba ion p i t i o r s  the Oa shift is 1-112 times 

as  large as the T i  shift i n  magnitude, and the shift equals the T i  
shift i n  magnitude. 

These objections are really concerned With the problem of defining 
&at is meant by ionic polarization, both on a micmscopic and a macro- 
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v 
scopic levele 
calculating the local field at the actual site of the displaced ion 
and i n  mlatk-g W s  f ie ld  exp=ssion t o  the udsp laced  lattke sites 
so that the symnem pmpert5es of the lattice translation vectors 
canbeinvoked 
due to a j" ion of m e  qj and zem electmnic dipole moment wiren 

these t w o  ions are shifted by _c 8; and dj fmn their lattice sites, 
respectively. 
f ie ld  a t  the ith site yields 

r m i d d n g  the microscopic case, one is interested in 

As an example, consider the field a t  an i* ion Site 

The straightfaward multipole expansion of the Cculanb 

where ,a3 A- - is .the lattice -lation vector between the i* and j* 

lattice positions. 
ization of a particular sublattice does not have a unique meanirg Cut 

rather depends an what - other sublattice is considered, Moreover, for 
i = j, 4 (1) shws tklt the bound charge density of the ionic polar- 
ization vanishes. 
hasized by Takagi (lo) , but the multipole explnsion above is sune- 

what simpler. It is clear, then, that the microscopic local f ie ld  
definition involves relative rather than absolute shifts. 

4 (1) shows that micmscopically the ionic polarc 

These results are not new, having been first  anp  

In View of this result we shall re-defhe the displeaceable-Ti 
model as one which ignores the re la t ive  shifts between the Ba, Oa,  

and ob sublattices and considers only I% relative shift between the 
T i  and 0, sublattices. There is sane experimental justifiCation far 
such a model since the neutron diffraction data show the 0, and ob 

sublattices s h i f t  appmxhately as a uni t .  These diffraction data 
indicate a relative shift between the Ba and 0 sublattices which OUT 

m o d e l  ignores, but we are encouraged i n  t h i s  instance by Slater's 
calculatioazs which show that the Ba role is small, We W i l l  naw en- 
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piricxlly shaw that this model repmduces the local electric f ie lds  
at  the ion sites i n  &Ti03 quite satisfactorily by dcxdatirg those 
fields a c d q g  t o  both this model and the actual m e ,  usi% the 
neutmn data, Befolle doixg this, h v e r ,  we can canplete the above 
discussion of local fields at  displaced sites by noti- that to  the 
usual d e r  of apprcotimation the electronic dipole interndons in- 
volve lattice sites rather than displaced sites as shun i n  a pre- 
vious paper (11). 

to  enploy a merid. designation for the ion types i n  the &Ti03 
unit cell, and Fig.1 is a schematic &awing of ~ unit cell i n  the 
tetmgonal m e  w i t h  this arbitmry ion designation, 
be the geanetric h n t z  correction between i t h  and jth sublattices 
(e.g., Ti2 = 30,080 -f 4*/3), the local f ie ld  a t  the ith ion site 
is given by 

' lbrni~ t o  the local fields calculations, it w i l l  be convenient 

Letti= T i j  

(12) 

J 

where ~j is the e1ectmni.c polarization of the j* sublattice, 
(zj-zi) is the relative shift between the j t h  and i* sublattices, 

n j e  
the unit cell volme. 
(#3 and 8 5 )  but the &ice of 5 sublattices has the convenience of 
implying me ion type per unit cell. The pmcedure llow is t o  invoke 
the el- 'e poLarizability relations and t o  solve Eqs (2) far the 
Pj's given the z . ' s  frun the neutron diffraction data, 
Of the calculation 
fmn slater's paper (6). static electronic polarizability data 

are taken fran the au-thor's pmvious p a p  (11) (we ignore here for 
cunpariscn purposes 

is the effective ionic charge of a j* type ion, and .i" is 
The C+,l and ob2 ions are, of course, equivalent 

The detai ls  
and the T i j  a r ~  obtainable 

3 
ell knawn (121, 

wen polarizability anisofxqy to  be m t e d  
i n  detail later) 
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and the ion shifts relative to -the Ba ion site m a c e  to  R.Fizer 
e t  al (9) 

0 0 
21 = 0.06 A; = -0.09 1; 23 = 2 5  = -0.06 A 

The nj i n  4 s  (2) are assuned equal t o  the full ionic charges (Ba* 

these calculations are shown i n  Table I under the headirg "Actual 
Case1t. In this table the local fields, Ej, whicfi are imnediately 
obtainable by the polarizability relations fmn the Pj, are ako 
given. 

defimd b e .  

n4+ , 0-21, a the 4 s  (2) solved far the Pj 6 of 

Similiar calculations are ncw perfonned for the model we have 

Z =  (21-22) = (zl-zg) = (21-24) = (21-25) = 0.15 A 

According to that definition we have 
0 

substituting in 4 (21, 
P 

Haever, Kinase (*) has s h m  that if one assumes that each ion 
carries the same fraction of its f u l l  i d c  charge, -then 

so that Eqs ( 3 )  can be written i n  the condensed form 
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Now the 4 s  (4) are identical to the field expressions developed 

by S l a t e r  and Kinase with the distinction that Z is identified 
here with the mhtive shifts between the Ti and 0, sublattices 
re-r than an absolute shift fxun the cubic position. 
solutims to  the 4 s  (4) m shown i n  Table I. 
tudes i n  Table I are not of much mal significance since we have 
assuned f u l l  i d c  charges; but the relative magnitudes are signi- 

ficant for cunparism purlooses. 
We see fran Table I that the m o d e l  reproduces the local field 

at the Ti and 0, sites to better than 1% acmcy,  and it is just 
this fact wh ich  makes the m o d e l  xeasonable since the table also 
shws that this Ti-0, intenaction is the dankant  interaction, 
as anticipa-d, the Ba role is quite minor, 
that as far as the microscopic field definitions are concerned, the 
model we have defined works very w e l l  because the 0 framework shifts 
m o r e  or less as a unit and because the highly polarizable Ba ions 
play a rather negligible electrostatic role, 

The 
The actual magni- 

A d  
We therefore conclude 

Table I 

Local F ie lds  and Polarizations in &Ti03 (esu) 

:--,-. . * - -  .-.r. 

Actual Case Model Case -6 
-6 Ian P j  x 5 x 10 pj E=, 10 

T i  (#I) 7.45 2.59 7.53 2.61 
0, (#2) 70.0 2.08 70,O 2.09 
ob (#3,#5) 8.5 0.23 -0.47 -0,008 
Ba (#4) 1.26 0 036 -4.37 -0 a12 
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The above considemtiom apply to the nricroscopic definition 

The electronic polarizations present no problem since the 
of the local fields, and we mw consider the macroscopic defini- 
tions, 
question of a proper reference frame is not involved; for the ionic 
polarization the proper macroscopic reference frame is the unpo- 
ized crystal. 
t o t a l  ionic polarization is 66f (e/ 
Ba or 0, sublattice is taken as the mamoopic  reference frame. 
The quantiQ f is the fraction of the f u l l  ionic charge carried by 
each im  and is assumed to  be the same for a l l  ion typesr 
our defined m o d e l  we find 60f (e/Z)X 1 O - l '  ffiur 

Using the n e u m  diffmction data m? find that the 
1 x 1O-I '  esu if  either the 

Based an 
Since Trieb- 

w a s s e r  (13) has pointed out that the X-ray data of Kanzig (14) 

indicate that the Ba ions are not strongly affected by the ferro- 
electric transition, it is p b a b l y  safe to  take tk Ba sublattice 
as the reference f m e  far the unpolarized crystal, and accordingly 
we see that our model satisfactorily reproduces the ionic polariza- 
tion in the maamscopic sensee 

In conclusim, then, we Will take, as our displaceable-Ti 
mudel, that m o d e l  which  neglects the relative shifts be- the 

Ifa, Oa, and 
ization (electronic plus ionic) associated w i t h  this model is the 
same as the measured polarization. 
demonstmte that this m o d e l  contains the essential ingredients of 
the actual case and that the actual polarizatims a m  reproduced to  a 
quite good appruxhation. 
model assmptions is to  u n d m s t h a t e  the total electronic and ionic 
polarizations. We should point out that the @ysiOal difference be- 
tween the model here and Slater's model is the reference frame involved, 

and whereas the essential assmption to  the latter model is that the 
other ions do not shift, the essential assunption i n  our model is that 
the to t a l  ionic polarization relative t o  the 0 framework is the same 

sublattices and we shall assume that the total polar- 

The above empirical calculations 

It is seen, hawever, that  the effect of the 
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as that relative to  the unpolarized crystal. 

111, 0XYGm FoLARIZABILzn ANISOTROPY 

Having examined the displaceable Ti model in sane detail ,  we 
now turn to  the problem of reliable e l w  'c polarizability data 

w h i c h  occupy such a centrd. role in the Larentz carrection, 
The static electmnic polarizability data for the Oa and Ob 

oxygen ions i n  the C 001 1 - -&on and the (OOl)-plane have 
been d e t d e d  by the author(n) fmn the a c m t e  rnfractive in- 
dex data of Lawless and DeVries (I5) for tetragmal BaTio3. merits 
based on the optical absorption and X-ray mission data of J3a"503 
w e r e  given t o  show that the large oxygen polarizability in materials 
containing E O 6  octahedra is due to  an exciton pnxess involving ex- 
citations fran the 0q,qpk2~0rbitals to  the enpty "5-3d orbitals 
With degeneracy partially r;moved by the octahedral envimment. 
Based cm the kncxm internuclear separations in BaTi03 at  roan tmp- 
emture 

the oxygen polarizability as determined fran the optical data was 

attributed t o  Ba-0, overlap in the (001) - plane and Ti-Oaoverlap 
in the The Ob polarizability in the cubic and 
tetreg-1 phases was considenxl the same (i@e., same tenperatme 
dependence) because the envimnnent (overlap conditions) of this 
oxygen ion is not altered t o  the extend of the Oa envimnnent across 
the ferroelectric tMnsitim, 

to  zem frequency by canparison With the oxygen polarizability dis- 
persion i n  Sfli03 and Ti02-rutile. 
are Shawn i n  Fig. 2, and it is seen that these overlap effects re- 
duce the Oa polarizability i n  the C O O 1 1  - direction by about 15% 
fran the extraplated oc,value at  rocm tmperaturee The data i n  

canpared to  the cubic phase, the anisotropic behavior of 

0011 -direction, 

These oxygen polarizability data for & E O 3  Were extrapolated 

The results of these studies 



rig. 2 were cmputed. wed cm the assuqtim. that the tenperatuxe 
dependence of the Ba and T i  polarizabilities are negligible, 

We intend t o  incorpumte the tempemIXKe deperdence of do, 
into the Imentz correction of &Ti03 (the superscript C O O 1 3  

may rn be deleted since we are discussing the tetragonal phase), 
and we n e  that th is  particular polarizability has a caasidemble 
effect on the calculated fe-lectric behavior judgirrg fmm the 
large Ti-0, dipole in t enadan  sham in Table I, The explicit 

tempemtum dependence of this polarizability is p b a b l y  small 
judging fmn f5e sl ight  temperature dependence o f d o  and doh 
in Fig. 2, and we shall therefare assme that  this tempemtun? 
dependence of&& i n  the teeem phase arises entirely fi.cm 
the Ti+ overlap. Since this overlap is simply -the relative 
shift betteen the Ti and 0, sublattices, it follows that the Oa 
polarizability can be expanded in a power series of the spon- 
timeous polarization, Ps. Moreover, since the BaTiO3 -tal 
stmcture is ceIjitrosymnetric, it is dear that t h i s  expansion 
will involve only even powers of Ps, 
which w i ~  becane clear later, e shall express d o 4  (= d,) 

Consequently, for reasons 

as 
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3jdo we shall mean the oxygen p h r i ; , Z a b i l i t - -  a t  120 c a t  zero 
frequency, which f r a n  Fig. 2 is 2,157 1. The choice of expand- 
ing f (PSI to sixth order is to  make tfiis data carrespond w i t h  

the experhental data on &Ti03 (see below). The determimtion 
of the expansion coefficients i n  Q (6) is a simple p b l e n  i n  
least-quwes cw?ve fitting, since dz is given in ~ i g ,  2 as a 
function of tenpemture and the spontaneous polarization is 
given as a functim of tempeMhule by ~ - ( l 6 ) .  mining these 
data we find 

We mw have sufficient data to  appmach the b r e n t z  correct- 
i c m  problem which we take up i n  the next section, but before leav- 
ing this section we shall pursue these overl.applarizabili.ty noticms 
a b i t  further i n  relation to  the optical pperties. 
denmnstmted experimentally (17)9(18) that the birefringence i n  
~ a ~ i 0 3  is apmximately prqmrtiona.l to  &, and the usual theoretical 
reason given(lg)for this spontaneous  err effect is the quadratic 
electm-optic effect which relates changes in the index ellipsoid t o  the 
strains of the unit cell, and the strains are pport ional  to  4 by 
elec-trostrictim. 
give rise t o t h e  birefringence, 
be seen fmn the calculations by h e  et 
these authurs include the strains in the mtz 
assme isotropic polarizabilities, and they find that BaTiO3 should 
be uniaxial positive With a birefringence of about 0.02, whereas, i n  
fact, b T i O 3  is uniaxial negative with a birefringence of about 0.06. 
Therefare, birefringence arising fm the tenperature-dependent over- 
lap conditions between T i  and 0, is strong 

It has been 

This explanation implies that the unit-cell strains 
?hat this is not the whole story can 

of the birefringence: 
'on factors but 

. 
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en- t o  overcanpensate the s t r a in  birefringence by a considerable 

amount. 
included these s'trains. The -ts leading to  the expansion E q  
(6) imply that the overlap-pol.arizability birefringence can. be ex- 
pressed as a series in even powers of Ps, and so = may conclude 
that the total birefringence can be sMliarly expnssed. 
does not necessarily mean that the birefringence in these tvpe 
ferroelectrics w i l l  be proportiona~. to  P:, as other terms i n  the 
expansion may be req~~ired. In particular, in PbTiO3 the bire- 
fringence f irst  increases then decreases With decl.leash tempera- 
ture i n  the polar phase, i n  marked contrast t o  the &Ti03 case, 
although the cla-retio t e m p l u r e  dependence is very similiar 
in the two materials (21). Kanzig has suggested mt this behavior 
i n  PbTiO3 is due to the increasing overlap of the ions With de- 
creasing teinperatu~ (22),  but the above discussion indicates that 

this same mechanl 'sm is the daninant soupce of birefringence i n  
BaTiO3, also. 

As mentioned b e ,  the CaLCulations leading t o  Fig, 2 

But this 

IV. "E LOREN'IZ CORRECTION IN &Ti03 

In this section we w i l l  construct a Gibbs free mxyy function 
based on the molecular m o d e l  defined i n  Section I1 Z-I~ inaxrp0x-a- 
the HZ (pS) function, 
model free energy w i l l  be canpared with the carresponding experiment- 
al free energy. 

The theoretical free energy of interest ,  $, refers to  
damped (zero-strain) crystal, and the indeperdentvariables rn 

tmperatum and the spontaneous polarization, Ps. 7'5s function 
has the pmperty (6) 

(5); and in the following section this 

(8) 

. 

. 
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where Eo is the external field, 
lation E, (PSI frun the molecular model and i n  this way inte- 
gmte rn (8) to d e t d n e  Ap relative t o  the unpolarized crystal. 
The gramdwork for this discussion has been given by Slater(6) 
and extended by Tri&asser (13), and since w e  shall have occas- 

ion to re fe r  to  these papers we shall let EQ(S20) refer to  4 
(20) i n  Sla-ter’s paper, etc. 

energy expansion describirg the Ti ion shift(x,y,z) 
center of the oxygen octahedron (cubic symnetry) , Eq (T161, 

Consequently, we seek the re- 

?he startirg point for this discussion is the Dotentid 
fran the 

This Ti shift is of course measured R l a t i v e  to  the oxygen franc- 

work. 
function for the T i  displacements is found, and frun this function 
the local f ie ld  at the T i  site is derived i n  tenns of the Ti ionic 
polarization, P1, relative to  Oa. 

Assumirg that the T i  ions are independent, the parti t ion 

r 
To fifth o&r Triebasser gives, 

EQ (a71 

c 



where we are interested i n  just me canpnent of P i ,  and w k m  

q is the charge on the Ti ion and 
(equal to  1 / N  in Triebwasser's notation where N is the nunber 

of ions per unit volume). 
quantities dl and d2 have been assuned appraxhately equal to  
c, an assunption which is justif ied below. 
far neglects the effects of the o t k r  ions; that is, the m t z  
correction. 
f ie ld  at  the i* ion site 

is the unit  cell volune 

I n  amivhg  a t  Eq(l0) f r u n E g ( 9 )  the 

This discussion so 

To include the other ions we write for the local 

which is the same as 4 (4) except for  the inclusion of the externdl 
f ie ld ,  Eo. 
equation i n  the P.'s a f t e r  the polarizability relations are invokfd, 
Pj I ( 1 / 4 T  

solvable by determinants and om obtains Eo i n  terms of El and Pi,  
(S33) 

The Eqs (11) x q x s e n t  a set of simultaneous Linear 

X.E., in Sla te r ' s  notation, These equations are 
3 

3 3  

-ever, S l a t e r  also shows that, EQ (S34) 

where C3, C4, and C5 an= constants c.zf ineC in terms of the p o w  
i zab i l i t i es  and geanetric b ren tz  factors, Eqs(S201, (S241, and 
S (33). Ccnsequently, substituting Eq(l0) i n  a (12) and us* 
Eq(13), ~e O b t a i n  Eo(Ps) a~ required. 
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NOW it is clear that the dZ(ps) relatian is involved in -tfte 

solutions of EQs (11) , and it is found that the reciyroodLs of the 

X.'s are involved, In  particular, I 

which is the reascm we adopted the form Eq(5). Fdoptirg ?dater's nota- 
t ion far the T..'s in Eqs (11) we find that the effect of the 
Oa polarizability w i t h  Ps is to alter the quantities C3, C4, and C5 in 
EQs (12) and (13) as follows 

1 3  

c3 - e3 - (C6 + Tz e,) f (H 
(14) 

(15) 
as (15) are given in Sh te r ' s  notation (Xo= X3,XBa= X4, etc) 
and q and p are given in E q  (S12). 

When the modified coefficients, 4 (141, are used i n  4 s  (12) 
and (13) we obtain the Eo (PSI relatian with the effec t of the chang- 
ing Oa polarizability included. 
ing t o  

Crys-, 

This function is then integrated accord- 
(81, and we find for the free energy relative t o  the unpolarized 
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1 

and 

In amiving at Eqs (17) - (19) we have set q of EQ (10) equal to 
ne and employed the following definitions: 

A= a/nz, f i  = 6, /de, /3. = 6, /n4) = C M  
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In Eqs (17) through (20) we of course mean by C3, Cq, a d  C5 
the quantities defined by S l a t s .  EQ (16) represents the model 
freeenergy function With the changing Oa polarizability in- 
cluded -through the % * and IT;' terms. 
B (TI, and C (TI coefficients reduce to the same as those given 

by "ri.-er, Eq (T181, allowing for the slight notational 
differences. It is interesting to  note that the Ps-dependence 
ofHz gives r ise  to  a tenpemtum dependence of c (TI which is 
otherwise tenpmture independent in this appruxhationr 

If ri;= G=O, -the A (TI, 
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We m w  Wish t o  can- our m o d e l  free energy expression, 
4(16), w i t h  the experhentally determined function. Hawever, 
the experjmental and theoretical constraints am different and 
this must be taken into acanmt. ?hat is the experimental sit- 
uatim is that of a "free" crystal (zem stress, xl ,  whereas our 
themetical  expnssion is for a "clamped" crystal (zero seain,  XI, 
The prescription for this canpax5son has been given by kvonshire 

(l), ('I and used by Tri-ser (13), so that the developnent here 
does not vary in detai l  fmn Triehasser's except for the numerical 
values. 

The general starting point fop this canparison is the free 
en- i n  the tetragonal phase in terns of the spontamous polar- 
ization, Pss and longitudinal stmins, x ,y 

to  the unpolarized, unstrained crystal, 
and zz, relative 

X Y  

 here 

and where we are interested i n  only one cunpunent of Ps. 
temperature dependence i n  Eq (21) is contained in the coefficients 

and cy2 are elements of the elastic constant tensor 

?he 

of Ps' 

. 
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as functions of 
4 (16) shows that 

so it is clear that we seek relations between the coefficients 
of the stress-free energy, Eq (22 1, and the coefficients of the 
/=(e,7;-x ), Es. (21). 

Since BaTi03 is not piezoelectric i n  the cubic phase and 
since our free energy functims are assumed t o  apply in all the 
phases, it follows that = xg , however, this neglects 
the effect of ol?dinary t h d  expansion. If h is written 
i n  the farm of -the Curie-Weiss l a w ,  8 = $b  (7-%) , 

then as Devonshire shaws, EQ (10,221, 

The correspcnding expression in Biebwasser's paper (4 (24) 

is i n  error by a factor of 2 -- the first of Eqs (23) shows the 
probable origin of this factor. 
expansion in E q  (24) ,dL, we adopt the value frun Joho's recent, 

For the coefficient of linear 
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very accurate X-ray - data on cubic BaTi03'23) fran 120°C- 

2OO0C, 1.083 x 10'' per degree, The quantities gu and g 

may be famd fran the relations developed by Devonshh(23~ 4 
(2 a 4 1  9 

where the Q's are elements of the electmstr ic t ive tensor, 
The necessary canpliances have been measured by Band at al 

(24) 

and the electroslrictive elements can be calculated fmn the 
spcntaneous polar izath data of 
s t m h  data of J~ho(*~). 
m d  MCIII tmpemture and the average values found were 

and the spontaneous 
This w a s  done for four tenperatures 

Solving Eqs (25) we have 

These data differ sanewhat frun Triebwasser's due t o  the older 
Q-data used. kum Q (241, then 

Far the fourth-order coefficients, Devon~hire(~)  gives, 
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so that substituting the above data we have 

The experiment& data necessary for the canparism of the 
6th order Coefficients are not available, and for the t ime being 
we will assume tha t  these coefficients are apprwximately tfie samer 

The necessary experimentdl data for the function EQ (22) are 

given by f.ougard et al (25) as follaws in c*g*s. (the only system 
of units employed i n  this paper) 

4- (28) 
The tanpemture dependence of 3/// is not given, hut them is 

evidence that this coefficient is tempemture dependent: 
gives 22.8 x 
et al (26) give 72 x 

Merz (16 1 
at 120° C for this coefficient, and Huibregtse 

a t  8O C. 
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Fran EQs (23) and (28) %e find that at the clurie poht 

and it oan be shown (27) as a oansequence of -this that 
clamped crystal undergoes a second-order transition *le the 
free (actual) crystal undergoes a first-arder trmsitian, as 
observed. 

Finally, canbining EQs (26), (271, and (281, we have 

Eqs (29) a~ now canbined with Eqs (16) through (19) 

using t k  auxiliary definitions and polarizability data Q (7); 
the static electronic polarizabilities quoted i n  Section 11 m 
employed, and the uni t  cell volume is taken fran Joho's data at  
120° C, 64.45 x 
far the modified force Constants,d 
however, Eqs (29) represent five equaticns whereas we have four 
u n k n a w n s b  
dEVdT equation as a check on the calculations. 

called "Anisotropic Case" and an "Isotmpic Case", where for 
the latter case 
through (19) and this of course amounts to letting the Oa 

3 an This canparison allows us t o  solve 

( r ;  /, , f12. and 

Consequently, following Triebwasser, we shall use the 

These calculaticars were performed for two cases: a so- 

and 5 were  set equal to zero i n  ~ q s  (17) 
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. po la r i zab i l i t y  be isotropic and equal to  the value, "E 

r e s u l t s  of these canputations are sham in Table 11. 

Table I1 

M o d i f i e d  Farce constan-ts for the Ti shift 
(c .g.s*)  

- 
Anisoizopic Case Isotropic meta) 

d 1.05 105 1.05 105 
1 9  -1.31 x 1 0  20 -8.63 x 10 

1.65 x 1 0 2 1  

3.71 
5.63 10-l~ 

3.75 x 1O2O 
34 4.59 x 10 

0.046 x 

 he value for (r for the Anisotropic me is fa i r ly  in- 
sensitive to  && of the three $>slues quoted m e  is em- 
ployed; the value at 8 O  C was selected, 72 x 
calculating To test the sensi- 
t i v i ty  of the Anisotmpic-Case results to  the expansion coef- 
ficients, 4 (71, a fourth-order f i t  t o  4 (6) was  performed 
and the r e s u l t i n g  coefficients used in Eqs (17 1 thmugh (19) . 

cgs, for 
in Table I1 far both cases. 
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???e results were the same as for the sixth-mder fit t o  within 
a few percent (p, = - 9.02 x 102O,b= 1.71 x ioz1, ( z  4.46 x 

(dB/dT) = 6.47 x lo1' for the fourth- fit). 

Cunpwing the msul t s  i n  Table I1 we first note the good 

agreenent of (dB/dT) for the Anisotropic Case With the experi- 
m e n t a l  vdue, whereas far the Isotmpic Case there is a dis- 

crepancy of two orders of magnitude. This agreement pmvides 
a valuable internal check on the molecular model and on the 
assmpticars used, and underscores the importance of h c l e  
the polarizability anisotropy, 

*?softenrv the potential eneqy curve, @ 
ments; i.e., !,, fo r  the Anisotropic case is a l e r  than 
the correspondirg value for the Isotropic Case, In neither 

case, haever ,  does $6 have a minimun other than the origin. 
The reason for this altemtion is due to  the decreased 
polarizability of Oa with the Ti shift. Consequently, for 
an equivalent T i  shift, the resulting polarization energy 
fo r  the Anisotropic Case is larger (snaller negatively) than 
fo r  the Isotropic Case, and correspondingly the value of 
which  balances the negative polarization energy needn't be 
as large for the fonner case as for the latter. 

(19) we find on sukst i tut ing the appropriate quantities, dC/dT = 
o 53 x 
dicate dC/dTN This discrepancy is sign probably or= 
iginates frun -the fact that$was not corrected t o  the zem- 

st ra in  value due t o  insufficient data. Additional experimental 
data is needed t o  clarify this situation, Moreover, the pro- 
cedure for treating the experimental data accordingto EQ(22) 

Fmn Table 11, the effect of the%(Ps) function is t o  
for sm~ .~ .  displace- 

Regarding the tenperature dependence of C (TI i n  Q 

whemas the s t p e r i m e n ~  e quoted above in- 
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has h e n  to assme that t F i s  sixt’!-order cosfficisnt is t e q e m t u ~ -  
insensitive 

In t h i s  section we have CQnpared the fm energies frun the 

(27) 

model and fmn experiment and found that the model  defined i n  
Seetian I1 represents a goad a p w t i o n  when the charrgirg polar- 
izability of Oa is included in the Lmentz Ccrrrection, 
ta in  sense, however, w have been dealing w i t h  numemlcgy here, 
and i n  the next section we Will consider a zem-tanperature calcul- 
atim of the spontaneous polarization and Ti shift. This calcula- 
tion w i l l  be based on the molecular model we have defined and will 
minimize the poential energy of a €?aTi03 unit cell usirg the data 
w e  have developed in this and preceding sectionsb 

In a c e ~  

A test of the displaceable-Ti m o d e l  and the associated 
numerical constants d e t d n e d  i n  the previous section is pro- 
vided by a zem-tempereture calculation wherein we minimize the 
potentidl energy per unit  cell volune taking a c m t  of the 
detailed Lmentz cometions at a l l  the ion sites, 

Limiting arrselves to  Ti shifts along the z-axis to  
correspond with the tetragonal phase, the potential energy per 
unit  volune to be minimized is given by 

(30) 

E 



The last term in Eq(30)  represents the total electmnic polar- 
ization energy per uni t  volune, since (28) dU = -@, and uo 
is the unpolarized energy density. The fact= 1 /2  i n  the 
third tenn arises frm the fact that i n  the absence of an 
external field w e  must count dipole interactions once, not 

twice. Invokixg the polarizabiliw ~?elations, P. = ( d j h ) E j  , 
and writ ing Z = ?? Pj/ne, Eq(30) becanes, 

3 

where&, 4, , and [ a n  t k  modified force constants discussed 
i n  the p v i a u s  section, and we have used 4(5) i n  -the last t e rm 
of EQ(31). 

polarization energy, 
IV tha t  E2 may be written i n  terms of Ps as 

Cunsider the integral in Eq(31) repsentirrg the Oa electmdc 
It  is  clear f m  the discussion i n  Section 

If 4 s  (6) and (32) are substituted in this integral and if the 
denanbatm of the integMnd is expanded in pcmers of Ps, we find 
after integrating that the resulting terms can be arranged to a 
very good apprmcimation as 
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?he form Eq(33) has the advantage that al,a2, and a of 4 (32) 

terms (i.e., t o  fourth order i n  P s , 4 ( 3 3 )  is exact), 

are not involved, and the  appraXimation involves 6 i4 cnder 

The energy per unit  v o l m ,  u-u 0 , is minimized as follows: 

for a given V a l u e  Of Pi, Eqs (4) are solved for the P. and for 

Ps is found. 

E2 usirg the polarizability relations, and fran these 3 solutions 

These quantities a~ substituted i n  Eq (31) usiw €Q 

(33)  to detembe u-uo. 
turbing Pi, and in th is  fashion the minimUn energy is found by a 
relaxation technique on a d i g i t a l  machine. 
t h e 4 ( P s )  relation Eq (5) must be employed, and for convenience 
in the numerical calculations it is desireable to  reformulate this 
relation a s 4 ( P i > .  The details  of this reformulation will not be 
displayed since it is clear fm Eqs (13) and (14)  haw this is to  
be done. 

These calculations were pragrmrmed using the Isotropic- 

A new value for u-u 0 is obtahed by per- 

In solving 4 s  (4) 

Case and Anisotrupic-Case data in Table 11. 
case, the f (PSI function w a s  of course set equal to m, Fran 
the discussion i n  Section 11, there is a third case of interest, 
also; namely, the case d c h  neglects the Ba and Ob polarizations 
and considers only #e linear dipole chains of T i  and Oa along 
the  polar axis. For this case, thed3andd4 polarizabilities 

w e m  not set equal to  zero i n  f o m u ~ t i n g ~ ~ ~ V ~ f m n  4% (<), 

For the fmer 
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h t  rather the F3, F4, and T5pLxrizationS in EQs (4) were set 
equal t o  zero i n  the relaxation technique. 
also progMBlsned using the Anisotropic-Case data, and the results 
of these calculations are sham i n  Table 111, 

This third case was  

Table I11 

Zero-Temperature Appnxhatiool of 
Tetrqon BaTi03 

Isotropic Case 
(Ba ,Ti ,Oa,Ob) 

Ps (-1 667,000 59,600 71,700 

Pi/PS 

p4/ps 
0 

nZ ,A 

37.8% 

59.6% 

-.07% 

-3.6% 

3.39 

58.4% 

-6 6% 

-5.3% 

0.422 

44.2% 

50.2% 

0 

0 

0,425 

(a)Obtained by sett ing 4 = g = g = o .  
The experimental value of the spontanems polarization i n  

the tetmgonal phase ranges frun 55,000 to  78,000 esu, being 
abaut 77,000 esu a t  roan temperatmee (16) Therefore, the 

Isotropic Case calculation in Table  I11 as an order of magnitude 
too high, but the Anisotropic Case data ag2.lee quite w e l l *  
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Moreover, the latter data represent a good appruximation to  the 
rwm-temperature behavior s ince the discussion i n  Section 11 
shows that the m o d e l  underestimates the total polarization by 
about 25%. 
corrected for this underestimation we find 79,000 esu. 

in Section I1 show that experimentally Z is about 0.16 A at 
roan tempem-. To canpare our calculated data With -this 
value vx? require n, the nunber of electrrmic charges an the 

Ti ion. 
molecular theory foF the spontaneous deformation of BaTiO3 accord- 
ing t o  tb Slater displaceable-”i model, and these authms find 
good agreement With the measured deformation properties of the tet- 
m g m  phase i f  n is taken as 2,12, 
solved for f (defined i n  Section 11) by using the kncrwn polarizabili- 
ties, unit cell volune, ion shifts relative to  Ba ( 

spontaneous poLarizatian, a U  a t  rocm tmpemture, 
tion, which assumes f to  be the same far all ion tvpes, was carried 
out by an i temtion procedure on a digital machine, ard it was  
found that n = 4f = 2,80, It is not surprising that th is  value 
of n is sanewhat larger since the  calculation employs snaller oxygen 
polarizabilities (infinite wavelength) canpared t o  the previous 
isotropic oxygen polarizabili.ty(‘). 
Z = 0.15 - 0.20 A for the Anisotropic Case using the above n-values, 
hereas for the Isotropic case,d1.~X. 

these calculations for the f i so t rop ic  Case ard the experimental data. 
It is reasonable to  ask chy this clamped crystal ap-imation a t  
WK represents the actual crystal a t  ro~n temperature so wll. There 
are t w o  reasons for this i n  addition t o  the electmstatic argunents 
given i n  Section 11, Firs t ,  the s t r a in  of tk un i t  cell introduces 

If the (E3a,fi,0a,0b) Ps fur the L!n.isotropic Case is 

 he mtmn diffmctian data of F- et m e n t i o n e d  
0 

Kinase and Takaha~hi (~~)have  developed a quantitative 

Alternately, q s  (4) can be 

or Ob), and the 
This calcula- 

Fran Table 111, then, we find 
0 

Therefare, there is excellent -anent between the results of 
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additional ionic polarization (regardless of the reference frane) and 
at the same time decreases the h n t z  c m c t i o n  at  the T i  and Oa 

sites'll), thus decreasing the electrau 'c polarization. Cansequently, 
them is sane canceuation between these two effects, 
strain energy terms i n  Eq (21) (the last four terms) when evaluated 
using man temperaturr? data are seen to contribute negatively to  
F (P,,T,x), and so there is sane cancellation between these strain 
energy tenns and the positive energy terms that depend linearly on 
tmpemture (e,g. ,%fr$&c), The physical reason far the decrease 
i n  the internal energy arising frun the strein t e r n  is due t o  the 
slight volume increase in going frun the cubic t o  the tetmgonal phase (23). 

Themfore, the electrostatic and energy differences between the clamped 
crystal at 0% and the actual crystal at ro~n tenperature tend t o  cancel 
and the fonner case represents a good approximation t o  the ktter case. 

tains the essential ingmdients of the phenanenon, and interestingly 
enough represents a better model than the (k ,T i ,Oa ,Ob)  case because 

by neglecting the P3and P,, polarizations the spontaneous po ldza t ion ,  
Ps, is not underestimated as i n  the latter case. 

On the basis of the results i n  Tables I1 and I11 we conclude 
that the incorporation of the temperature-dependent overlap effects 
o n 4 b r i r g s  the calculated results into very good agreement With the 

experimental data on BaTiOJ. Our picture here of ferroelectricity i n  
& E O 3  is one explainable i n  tenns of classical point-dipole theory 
which includes the envimmntal sensitivity of the elecmnic p0h.r- 

izabil i ty of the ions, 
12-fold COordiMtiOn position (e,q. , J3a i n  &Ti03) plays a relatively 
minor role elec-trostatically, its major role being to  detennine the 
linear dimensions of the Ti06 octahedmn and consequently t o  affect 
the oxygen polarizability and the ease With w h i c h  the T i  ion may 
shift frun its 6-fold coordkt ion  position, 

Secordly, the 

Frun Table 111, it is seen t h a t  the (Ti ,Oa)  AnisotrOpic Case con- 

According to this picture, the ion i n  the 
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The v a l i d i v  of these ideas may be tested by exttendbg the 
caku la t ions  in this sectim to  other perwskite titanates to 
see if sone underlying Unity may be found in the dielectric pro- 
perties of th is  chss of materials. 



SOME PZliclVSKITE TITANATES: 

PbTi03 ,BaTi03 ,SrTi03 ,CdTi03, AND CaTi03 

The strikirg success of the displaceable-E m o d e l  and the 
associated calculational methods mployed in p r e c e  sections 
encoumges the extension of these notions to other peruvskite 
titanates, 
lations of the type used in the previous section for the Pb-, s ~ ,  
Cd-, and Ca- titanates, and the necessary force-constant and polar- 
izability-overlap data for these materials w i n  be app-mintated 
fmn the BaTiO3 data above, We will assume in these estimates ttrat 
the only differences between these titanates and & E O 3  are in the 

size of the oxygen octahedra in the unpolarized state and in the 
polarizability of the caticm in the Ba site, ~ m m e , o w i n g  
to a lack of accurate optical data 001 these titanates, we shall 
ass- that the "cubicw axygen polarizability is the same as in 
B ~ T ~ O ~  (40 in ~ ~ ( 5 1 ,  

In this section we will consider minirnun-energy calm- 

First, let us see haw the necessary fame constants, /* , 

ionic crystal the Born tmatment as given by Fowler (30)  of the 
potential energy of t w  ions of charges ~1 and 92 a distance R 
apart is asstolled to be of the fom 

p, , and , may be apprmimated for these titanatese Far an 

representing the Coulanb, Van der Walls, and repulsive inter- 
actions, respectively, 
f m  
neighbors, and by introducing the lattice translation vector, %, 

?? an3 the shift of the ion in question f m n  its equilibriun positmn, 

The form of d in E q  (9) is obtained 
(35) by sming over a sufficient nmbers of -st 

. 
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r = e .g. , reseicting shifts to be dlcarg the z-axis, the E-0, 
separation is written R =%_+ z for the 0, ion a t  T %, re- 
spectively. 
of (w%) t o  obtain @ , 
the modified fame constant& far a titanate ather than ~ a ~ i g . ,  
say d', a s d g  d (a/a' 12, when? a and a' are the c e ~ .  coflstants 
for BaTiO3 and this other titanate, respectively, ?his ap-0 
imation ammt to retaining only 1st Mer terms i n  the quantiiy 

(a-a') /a' ( k  .06); ~ - p o n d ~ l ~ , p l ~ ~ ( a / a ' ) ~  and ['G 

Naw by the sane token, the coefficients K, Kz ,and XJ 
in Eq (6) may be appxwcimated in the same fashion far some other 
titanate since as may be seen frun Eq (13)the expansion €Q (6) is 
essentially an expansion i n  powers of Z, 

Nu, 

The resulting expression is then expanded i n  pcwers 
(91, bnsequently, we may apprmtimate 

r(a/a' 16. 

I n  mder t o  adjust the BaTiO3-data to  th=se other titanates 

s d e d  in Table IV. CdTiO3 and &Ti03 (*ch is the mineral 
pawski te l  are or*thorhanbic and are usually assigned a multiple 
unit cell. The data in Table I V  show that assmhg a cubic unit  
cell is a good approximation for these materials. 
data With Joho's data (23) on cubic &"io3 ( a = 4.002 81, we ob- 
t a h  the modified force constants (dp,', (' 1 and the 9'2 - 
polarizability coefficients ( K,; K;) K; 
perovskite titanates other than BaTi03, 
cell volune which also enters the calculations, Eqs 
is d c u l a b l e  fi-m the Table IV data, namely a3(c/a). 

(21) and ~ 

we q u i m  cell cxrnstant data, These data aIe Jcmwn 

Cunbining these 

for each of the four 
In addition, the uni t  

(30 1, etc, , 
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-I - - 7  FbT503 T e t r a g m a l  3.905 A b U U V  

SrTi03 Chbic 3 , 905 - - 
CdTiO3 Orthmhanbic 3 , 791 1,004 9l01O' 

CaTi03 orthorhanbic 3 827 0,999 90°40' 

(a%aken fran refmce (21) .  

The d4-polarizability data are obtained as follows: 

0 3  
the S r  polarizability tjas determined i n  a p v i o u s  paper (11) , 
1.59 A 

Tessnan et  al (31) as calculated fm the refractive idces 
of CaC12 and pbc%, 1.06  and 4.79 R3, respectively; the cd 
polarizability is taken for &IF2 frun this same article, 1.75 x3,  

We T # ~ J  have sufficient data to  use i n  the same machine pm- 
gmn Written for the calmlatiom i n  Section V I ,  F m  canpariscm 
mes and i n  view of the appmximate M- of these cakuh- 
tions, c d y  the mrgy density curves far these titanaAds were 

canputed, and these curves am shwn i n  Fig, 3 .  The energy density 
curve for & E O 3  frun the previous section is also sham, and in 
addition the energy density curve cornspanding to  the (E,Oa) 

h i so t r ap ic  Case for BaTi03 is also shown i n  Fig. 3 (dashed curve) , 

; the Ca and Pb values a x  taken fran the article by 



F- ~ i g .  3 tiR see that at T 0% ail titanates s h o ~ n  

are ferruekctric i n  this a m t i o n ;  &ether or not this 
is #e actual case m t  definitely be %em?& fran Fig. 3 

since at low tapemtuxes the quantum-statistical effects must 
be cansidemd and these are not included in the determination 

Since the closer i n  
of tk @ti011 f u n c t i ~ ~ ~  h Section IV, The value O f  Fig. 3 
is i n  .the re lat ive nature of the curyes* 
energy tfie polar and non-plm phases are, the Lower  the transi- 

tion tanpeIFstur?e expected, 
Curie points of these titanates frun Figr 3 as follows: &"io3, 
Ehfi03, cdTi03, S f i O 3 ,  and Cas03 With decreasing tenperam, 
Let us see what the experimental data indicate: PbTiO3 has a 
Curie point at 763%(32), and BaTi03 at 390% 2); cdTiO3 

has been found to be ferroelectric below 
ccnstant of d c  W 0 3  was reported to around 20-30% 

to 1,3% (M is a question of sample purity and preparation 
in this titanate(35)); and f inal l . ,  & E O 3  is not ferroelectric 
Cansequently, the crude a p i m a t i o n s  we have gnployed in this section 
succeed in carrectly establishing the order of the t rms i t ion  ten- 
pemrUreS in this gmup of titanates, For curiosity's sake, the 
same calculatians were p e r f d  ignoring the d'(Ps> dependence 
and using the adjusted data frun .the Isotropic case, Table 111, 
These calculations d r t ? d  the transit ion t e n p a t u n s  as: cdTi03, 
&SO3,  pbTiO3, S r E O 3 ,  pbTi03, &"io3 With decl?easim tenperature; 
p i c t i d y  the reverse arder, 

would order the (hypothetical) 

the dielectr ic  

by g n ~ l e n s k i i ( ~ ~ ) ,  although (34) found m such behavior dum 

(27) , 

-35- 

I 
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VI11 DISCUSSION OF RESULTS 

T h  success of the displaCeable-Ti model, defined in S e c t i o n  

11 and enphyed in fol- sections with the envizxmental sen- 

s i t i v i i y  of the Oa polarizability inchded, i n  predicting the p 
perties of BaTi03 and in qualitatively onbring the Qlrie points of 
pbTi03, Ea’iS03, !W”i03, and &”io3 indicates that the M- of 
fe r roe lee t rk i ty  in the titanate pezwrskites as discussed in S d u n  
VI represents a wonable  appraKimation t o  the truth, 
discussions show that the phenmenon is understandable i n  terms of 
point dipole and i d c  theoxy, and that unreasonable values for 
the polarizabilities and/or effective ionic charges are nut needed, 

As coneems a model far possible future calculations, the 

data in Table I11 and Fig. 3 in$cate that the quite simple 75-0, 
model of &”io3, which neglects the Ba and Ob plarizatims, re- 
presents a very good apprcpcimation to  the actual crystdl at man 
tenpemture. T h i s  m o d e l  does not contain the objectionable feature 
of the k , T i , O a , O b m o d e l  of underestimating the total polarization, 
and in addition, as can be seen fmn Fig. 3 ,  the energy density 
cunre for this model departs only slightly fmn the m p l e t e  m o d e l  
curye at large Ti shifts, and merges with it at snall shifts, 
the critical Ti shift being the same for  both curves, 

Tfbe above 

t 
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Anisotropic Oxygen Polarizability and the Lorentz Correction in BaTi0,i 
W. N. LAWLESS* 

Interdisciplinary M W s  Research Center, RensseJaer Polytechnic Instil&, Troy, New York 
(Received 22 June 1964; revised manuscript received 29 March 1965) 

The temperature dependence of the electronic polarizabilities of the ions in BaTiO, is incorporated in the 
Slater-Devonshire theory under the assumption that the dominant contribution arises from the 0, electronic 
polarizability due to the large Ti-0. overlap along the polar axis. The temperature dependence of the 0. 
polarizability as detennined from optical data is parameterized in the spontaneous polarization, and a 
free-energy function for the clamped crystal is derived and compared with the (adjusted) experimental 
free energy. An internal check on this comparison yields (dB/dT) = 5.63X 10-16 cgs units, compared with the 
experimental value 4.5X10-u ( B  is the fourth-order coe5cient in the free energy). A minimum-internal- 
energy calculation is performed for the clamped crystal polarized along [OOl], corresponding to the tetragonal 
phase. This calculation illustrates the r d e  of the 0. polarizability in limiting the spontaneous polarization: 
Using the 0. polarizabfity anisotropy data, a spontaneous polarization of 59 600 esu is obtained; if the 
isotropic oxygen polarizabiiity in the cubic phase is used, 667 OOO esu. Similar ca,lculations are performed for 
the clamped crystal polarized along [Oll] and [lll], corresponding to the orthorhombic and rhombohedral 
phases, respectively. The 0, polarizability anisotropy data are used, and for the [Oll] calculation a spon- 
taneous polarization of 33 300 esu is obtained. I t  is found that the Lorentz correction for the damped 
crystal corresponding to a [lll] polar axis is not large enough to support a spontaneous polarization, but 
that a shear of the unit cell of about 27' is required to stabilize a spontaneous polarization along this axis. 

IRTRODUCTIOH 

HE various molecular theories of ferroelectricity T in BaTiO, deal, quantitatively or qualitatively, 
with the Lorentz internal fields in the perovskite 
lattice and the energy states of the Ti4+ ion or the 
Ti06 octahedra; these theories are reviewed in the 
book by Jona and Shirane.l In particular, the theory 
due to Slate9 considers a displaceable Ti ion in a 
clamped (zero-strain) BaTiOl unit cell and from the 
classical partition function an expression for the local 
field at the Ti site is derived. This local field is then 
used in an analysis of the inner fields including the 
electronic polarizations, and this analysis permits the 
external field to be written as a power series in the 
total polarization; by integration, a free-energy ex- 
pression for the clamped crystal is obtained. The 

tResea.rch sponsored by a National Aeronautics and Space 
Administration research grant ; from a portion of a thesis presented 
in partial fulfillment of the requirements for the Ph.D. degree in 
Physics, Rensselaer Polytechnic Institute, Troy, New York. 

* Currently a postdoctoral fellow at the Laboratorium fiir Fest- 
korperphysik, ETH, Ziirich. 

l F. Jona and G. S h e ,  FmoclcctriG Crystals (The Macmillan 
Company, New York, 1%2), Chap. IV. 

* J. C. Slater, Phys. Rev. 78,748 (1950). 

salient features of Slater's theory are the enhanced 
dipole cwpling between the Ti and 0. ions along the 
polar axis (see Fig. 1 which is a schematic drawing of 
the BaTiOa unit cell) and the relatively small role of 
the Ba and Oaions in the clamped-crystal approximation. 

The phenomenological theory of Devonshirea-' con- 
sists of expanding the free energy in a power series of 
polarizations and strains, or polarizations and stresses, 
and assuming that this single function applies to the 
paraelectric and ferroelectric phases. By examining 
the behavior of certain of the expansion coeflicients, 
the behavior of others can be deduced, and in this 
fashion Devonshire has accounted for the dielectric, 
elastic, and piezoelectric properties of BaTiO, through 
three phase changes. These phenomenological free- 
energy expansions provide the basis for treating ex- 
perimental data, and, in particular, the freeenergy 
function for the actual crystal (zero stress) can be 
adjusted to a free-energy function for the clamped 
crystal for comparison with the molecular-model 
calculations. 

* 

i 

*A. F. Dwonshire, Phil. Mag. 40,1040 (1949). 
4 A. F. Dwonshire, Phil. Mag. 42,1065 (1951). 
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Bo 1'4) @ 
T i  PI) 

a 4 ('3) 

@ o, r 5 )  

FIG. 1. Schematic drawing of the perovskite unit cell with 
a numerical ion designation. 

The molecular-model calculations for tetragonal 
BaTiOs along the lines of Slater have been based on 
the assumption that the electronic polarizabilities of 
the ions are isotropic and temperature independent."' 
However, there is recent evidence* that the electronic 
polarizabilities of the ions in BaTiOa are altered be- 
tween the cubic and tetragonal phases because of the 
interionic overlap that accompanies the ion shifts in 
the ferroelectric phase. It is found that if the Na-line 
birefringence a t  room temperature is calculated by 
assuming isotropic electronic polarizabilities {i.e., from 
the cubic phase) and by including both the lattice 
strain and internal sublattice shifts in the geometric 
Lorentz corrections, a value of 0.0355 found; if the 
internal sublattice shifts are neglected, 0.0242. The 
experimental value for the room-temperature bire- 
fringence, -0.056, indicates that the total anisotropy 
of the electronic polarizabilities contributes the domi- 
nant birefringence, -0.082, and outweighs the strain- 
and-shift birefringence of 0.035. 

The purpose of the present research is to include the 
temperature dependence of the electronic polariza- 
bilities of the ions in BaTiOa in the Slater theory, and 
thereby to derive a free energy for the clamped crystal 
for comparison with the adjusted experimental free 
energy. This comparison will yield both the force 
constants describing the Ti shift and an internal check 
on the model and assumptions. Based on these derived 
force constants, minimum-internal-energy calculations 
will be performed for the clamped crystal polarized i along [Ool], [Oll], and [lll], corresponding to the 
tetragonal, orthorhombic, and rhombohedral phases, 
respectively. 

Since experimental data will be employed and since 
the reported Curie temperatures for BaTiOs vary some- 
what, the temperature scales for the data used have 

6 W .  Kinase, Progr. Theoret. Phys. (Kyoto) 13, 529 (1955). 

'W. Kinase and H. Takahashi, J. Phys. Soc. Japan 10, 942 

8 W. N. Lawless, Phys. Rev. (to be published). 

S. Triebwasser, J. Phys. Chem. Solids 3,53 (1957). 

(1955). 

been adjusted to a 116°C Curie temperature to coincide 
nith the polarizability data (Fig. 2). 

I. OXYGEN POLARIZABILITY ANISOTROPY 

The static polarizabilities of the 0, and Ob ions in 
tetragonal BaTiOl are shown in Fig. 2, where a0~Oo1) 

and aooI~ l  refer to the 0, polarizability perpendicular 
and parallel to the polar axis, respectively. These data 
were derived from the recents Na-line measurements of 
the refractive indices in tetragonal and cubic BaTiOI 
and extrapolated to indnite wavelength based on 
analyses of the dispersions of the indices of SrTiOI and 
Ti02 (rutile).6 In the analysis of these BaTiO, optical 
data, the longitudinal strain of the unit cell ( c /u - l )  
mas included in the geometric dipole coupling coeffi- 
cients, and the electronic polarizability anisotropy was 
attributed entirely to the 0, ion ; the reasons for this 
procedure are as follows: First, as mentioned above, if 
isotropic polarizabilities are used, then birefringences 
of 0.0242 and 0.0355 are calculated if the effect of the 
unit-cell strain, and the effects of the unit-cell strain 
and the sublattice shifts, are included in the dipole 
coupling coefficients, respectively. This meam that 
neglecting these sublattice shifts and attributing the 
polarizability anisotropy entirely to the 0, ion amounts 
to assuming that the sublattice-shift birefringence of 
0.0113 is balanced by the polarizability anisotropies 
of the ions other than 0,. This is also a necessary as- 
sumption because the temperature dependence of the 
sublattice shifts has not been measured, and, more- 
over, ody  one polarizability can be deduced from the 
optical data. Second, the largest alteration in the elec- 
tronic polarizabilities is expected for the 0, ion, since 
the neutron diffraction datal0 indicate a large change 

2 ' 3 ~  

t 
20 40 60 80 1 0 0  120 I 4 0  160 I 8 0  

1 . 6 ; '  ' '  ' 5 ' " I "  ' * " ' I 
TEMPERATURE r c )  

FIG. 2. Anisotropy of the oxygen polarizability in tetragonal 
BaTiOa at infinite wavelength. The superscripts [00l] and (001) 
mean parallel and perpendicular to the polar axk, respectively. 

W. N. Lawless and R. C. DeVries, J. Appl. Phys. 35, 2638 

lo B. C. Frazer, H. Darner, and R. Pepinsky, Phys. Rev. 100, 
(1964). 

745 (1955). 
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in the Ti-0, separation between the paraelectric and 
ferroelectric phases, whereas the O h  and Ba bond 
lengths are not appreciably altered. Consequently, the 
QO, in the tetragonal phase was extrapolated from a0 
in the cubic phase. The data in Fig. 2 are for the tem- 
perature ranges 20-105 and 116-160°C; no optical 
data were taken in the 11°C range below the Curie 
temperature because of thermaldomain motion? The 
recent x-ray data of JohoU for the c/a ratio and the 
unit cell volume of the tetragonal phase were used in 
the analyses shown in Fig. 2. 

We now consider the problem of incorporating the 
temperature dependence of CYO, in the Slater theory of 
BaTiOs (the superscript [OOlj may be dropped since 
we are considering the tetragonal phase where the 
polar axis is the [Ool] direction). Since the shift of the 
optical absorption frequency between cubic and tetrag- 
onal BaTiO3 is quite small,’2*8 and since this absorption 
is due to an exciton process involving the oxygen 
polarizability, it follows that the dominant tempera- 
ture dependence of the 0, polarizability arises from 
the effect of the Ti-0, overlap on the infinite wave- 
length ao,; i.e., from the Ti shift relative to the oxygen 
octahedron. Consequently, if we select the oxygen 
octahedron as the reference frame for writing the inner 
field equations (see below), then the temperature de- 
pendence of CYO, may be parametrized in terms of the 
spontaneous polarization P, as 

since the spontaneous polarization depends on the Ti 
shift. In Eq. (l), a0 is the isotropic oxygen polariza- 
bility in the cubic phase, and only even powers of P, 
are involved because the perovskite structure is centro- 
symmetric. The form of Eq. (1) is chosen to simplify 
the integration of Eq. (3) below. 

The coefficients KI, Kz, and K3 in Eq. (1) are now 
determined by combining the ao,(T) data in Fig. 2 
with the P.(T) data for the tetragonal phase; however, 
the resulting ao,(P,) data are to be used in the clamped 
crystal calculations. We shall approximate these aos(PJ 
data for the clamped crystal by combining the m,(T) 
and P,(T) data for the free crystal for the following 
reasons. First, the optical data and hence the ao,(T) 
data are for the range 20-10S°C for crystals displaying 
116°C transition points, and so the ao,(P,) data will 
be for this range also. But the difference between the 
free and clamped P, is greatest in the neighborhood of 
the transition temperature and then decreases rapidly 
below the transition, the reason being that the free 
and clamped crystals undergo first- and second-order 
phase changes. Second, the adjustment of the free P, 
to the clamped Pa is very sensitive to the electro- 
strictive and compliance elements. Consequently, since 
the ao,(P.) expansion does not involve the neighbor- 

l1 P. Joho, Z. grist. 120,329 (1964). 
l*R. C. Casella and S. P. Keller, Phys. Rev. 116,1469 (1959). 

hood of the Curie point and since an adjustment of the 
free cq-stzl Cl,ztt3 is sexitive io experimental data, this 
approximation is in keeping with the other assump- 
tions and approximations. Combining then with the 
P,(T) data due to we fmd, by least-squares 
fitting, 

K1=3.31X IO-”, Rs= -3.31X lo-=, 
R3= -6.53X 1 F .  (2) 

II. LORENTZ CORRECTION IN BaTiOa 
The nature of the Lorentz correction in BaTi03 has 

been studied by several authors. In Slater’s treatment? 
the ionic polarization is attributed to the Ti ion, and 
the local fields are written for the undisplaced ion 
sites. Cohen14 criticized Slater’s treatment in that the 
local fields should be written for the actual rather than 
the undisplaced ion sites. However, TakagP has shown 
that only the relative sublattice shifts should be con- 
sidered in the calculation of the inner fields, and 
Kinase5 demonstrated that if relative shifts are con- 
sidered and if the ionic polarization is attributed to 
Ti, then a problem mathematically identical to Slater’s 
is obtained when the local fields are written for the 
actual ion sites. Kinase assumed that each ion carries 
the same fraction of its full ionic charge. One can go 
further, however ; starting with Takagi’s equations and 
allowing shifts of all the sublattices, it can be shown 
that an eigenvalue problem of the Slater type for the 
polarizations results, if the oxygen octahedron is se- 
lected as the reference frame and if the oxygen ions 
are assumed to have the same ionic charge.16 It is not 
necessary to assume that all ions have the same frac- 
tion of their full ionic charges, and, moreover, the 
oxygen octahedron is the only sublattice reference 
frame that can be found in which the inner field equa- 
tions have this prescribed form. Therefore, the ex- 
pressions for the local fields given by Slater describe 
these fields at the actual ion sites and are written 
relative to the oxygen octahedron and involve the as- 
sumptions that the o-qgen octahedron shifts as a unit 
and that the Ba ionic polarization can be neglected. 
This first assumption is reasonable in light of the 
neutron diffraction data,1° and a posteriori, the calcula- 
tions for the tetragonal phase reveal the small role of 
the Ba polarization. Consequently, adopting the Slater 
formalism means using an electronic polarizability for 
the oxygen ions. 

We now consider incorporating the anisotropic polar- 
izability data for 0, in the Slater model of BaTiO3, 
and, since the details of these calculations are given 
el~ewhere,1*~.~.~ we shall review the theoretical con- 
siderations and state the results of our calculations. It 

W. J. Men, Phys. Rev. 91, 513 (1953). 
14M. H. Cohen, Phys. Rev. 84,368 (1951). 
l6 Y. Takagi, in Proceediwgs of the International Conferewe on 

Theoretical Physics, Kyoto, 1953 (Science Council of Japan, Tokyo, 
1951), p. 824. 
16H. Gr&icher (private communication). 
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will be convenient to employ a numerical ion designa- 
tic= b~  eat ~ ~ U C W S ,  and the schenstic drawkg of the 
unit cell, Fig. 1, gives this designation. 

Briefly, the Gibbs-type free energy for the clamped 
crystal has the property that 

Eo= (aA p/ aP.1 T (3) 
where EO is the average field in the medium; from the 
molecular model theory Eo(P.) is obtained, which 
allows Eq. (3) to be integrated for the free energy 
relative to the nonpolar state. The partition function 
for the Ti ionic polarization is obtained from a po- 
tential energy expression for the Ti shift (x,y,z) relative 
to the oxygen octahedron of the form (cubic symmetry) 

+= a(I+~+z')+bi(3zL+~+$)+C(~'+y6+Z6) + 2b2 (?y+ 99+y%?>+diy?~'  
+ d2[? (y'+ 9) +p (."+ 2-9 +z'(Z'+r'>l. (4) 

From the partition function, the local field at the Ti 
site is derived in terms of the Ti ionic polarization P1' 
relative to the oxygen sublattice ; the electronic polari- 
zations of the ions are included by invoking the gen- 
eralized Lorentz equations for the local field a t  the 
ith ion site, 

+ -+Til Pi', i=1 ,  2, e.., 5 ,  (5)  (: ) 
where the Tij in Eq. (6) are the geometric Lorentz 
factors for the perovskite lattice polarized along [Ool] 2 

(Le., T11= T14=0, Tl2= 30.080, T13= Tis= - 15.040, T2a 
= T25= T34= T ~ s =  4.334, and T24= TS6= - 8.668, ac- 
cording to the ion designation in Fig. 1) ,  and the #T 

is the ordinary Lorentz correction. Pi is the electronic 
polarization of the jth sublattice, and the numerical 
ion designation in Fig. 1 implies one ion type per unit 
cell. Using the polarhbilityrelations (Slater'snotation), 

Pj=X)Ej /h ,  

X j = k j / T ,  (6) 

where r is the unit cell volume, the Eqs. (5 )  are solvable 
by determinants, and, for the case of the nonlinear 0. 
polarizability, 

X 2 - l ~  X,-l(l+ K1P,2+ K2P."+ K g 8 6 )  
= X3-1[l+f(P.)l. (7) 

These solutions are given by Slater : 

Eo= ( c a / C s ) E ~ + ~ ( C c / C s ) p ~ ' ;  PI'= (Cs/'Cs)P,, (8) 

where Ca, C4, and c5 are defined in terms of the linear 
polarizabilities and the geometric Lorentz factors. The 
inclusion of the P.  dependence of the 0, polarizability, 

Eq. (71, alters these coe5cients as follows: 

Cs + Ca- ( C ~ I + X K ~ ) ~ ( P ~ ) ,  
c4 + C4-C7j(P.) , (9) 
c6 + c6-CS-f (p.1 9 

where we have used the definitions 

c6=px~(x4+~~x4-l)+~x4+~x~- 1 , 

(10) 
c7= HX,[*n"(l- $X4)-f(2q-P) 

G=Xa(P+q)(1+3+X4)- (1+2PXd 9 

the quantities q and p in Eqs. (10) being 2.394 and 
0.690. 

When the modified coe5cients, Eq. (9), are used in 
Eq. (8), we obtain the Eo(P,) relation with the effect 
of the changing 0. polarizability included. This func- 
tion is then integrated according to Eq. (3) and we 
find for the free energy relative to the unpolarized 

--iPX4(%+P)l> 

crystal : 

A,= A (T)P:+B(T)P."+C(T)P.6, (11) 
where 

In arriving at Eqs. (12)  through (14), we have set the 
effective ionic charge of Ti equal to ne and-employed 
the following definitions: 

a=a/n2, &=bl/n', B2= b2/n4, Cy=c/n', 

U1'= KI[C&E-CS(C~+XICS)]/(C~C~) 
(15) 

~i[Kz+CsR?/Csl Kl(C&-- csC7) 
u2= , co= 

K1 alC4C6 
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Also, the quantities dl and d, of Eq. (4) have been 
assumed approximately equal to G, an assumption 
which is justified below. Equations (11) represent the 
free eriergy flmctioE with the changing 0, pdariza- 
bility included through the u1 and ug terms. If u1= u*=O, 
the A ( T ) ,  B(T) ,  and C(T)  coefficients reduce to the 
same as those given by Triebwasser6 [Eq. (18)l allow- 
ing for the slight notational differences. 

This freeenergy function is now to be compared 
with the experimental free energy; however, the ex- 
perimental constraint (zero stress) m e r s  from the 
theoretical constraint (zero strain), and this Merence 
must be taken into account. The details of adjusting 
the experimental function to zero strain have been 
given by Devon~hir@*~ and used by Triebwasser,‘ and 
these details will not be given here, other than to note 
that Eq. (24) in Triebwasser’s paper is in error by a 
factor of 2 [see Devonshire’s paper, Eq. (10.22)]. 
Certain experimental data are neceSSary for this ad- 
justment, and the data used here that differ from the 
data used by Triebwasser are the following: The c d -  
cient of linear expansion is taken from Joho’s accurate 
x-ray data on cubic BaTiOa from 120-200”C, 1.083 
XlO-5 per degreeu; the necessary elements of the 
electrostrictive tensor were calculated from the spon- 
taneous polarization data of M e r 9  and the spontane- 
ous strain data of Johdl for four temperatures around 
room temperature and the average values found were 
(cgs units) 

Q11= 1.17X10-E, Q12=-0.583X le”. 

The data for the experimental free energy function are 
given by Drougard et d.;’ and the static electronic 
polarizabilities* used for Ba2+ and Ti# were 2.33 and 
0.186 Aa. The unit cell volume of BaTiOs at 120°C was 
taken from Joho’s data, 64.45 At. 

The adjusted experimental values found for A(T) ,  
B(T),  and C ( T )  for use in comparing Eq. (11) are 

A (T)  = 3.72X 1O-T- 1.42X lo-’, 

B(T)=4.50X10-15T-l.33X10-u, (16) 
C ( T )  = 9x lo-pg . 

Equations (16) are now combined with Eqs. (11) 
through (15) to solve for the modified potential energy 
constants a, 81, &, and 7. However, we have more 
equations than unknowns, and following Triebwasser, 
we shall use the (dB/dT) equation as an internal check 
on the model. 

These calculations were performed for two cases: an 
“anisotropic” and an “isotropic” case, where for the 
latter case u1 and u2 were set equal to zero in Eqs. (12) 
through (14) and this, of course, amounts to letting the 
0. polarizability be isotropic and equal to the cubic- 

M. E. Drougaxd and E. J. Huibregtse, IBM J. Res. Develop. 
1,318 (1957). 

TABLE I. Potential energy constants for the Ti shift (cgs units). 
- - . - - -_ 

Anisotropic case Isotropic case. 
1.05x106 l.OSXl(r a = a i d  

Pa = b s / d  1.65XlP1 3.75XlOg 
y = c/n’ 3.71XlW6 3.4ox 1ou 
(dB/dT)b 5.63Xl0-” 0.35X 10-u 

Pi=bi/+ -8.63X lot0 - 1.31 X 1oU 

*Obtained by neglecting the PI dependence of the 0. pokriability. 
b Experimental value: 4.5 XlO-1‘. 

phase oxygen polarizability. The results of these calcu- 
lations are shown in Table I. To test the sensitivity of 
the anisotropic case results to the expansion coefficients, 
Q. (2), a fourth-order fit to Eq. (1) was performed and 
the resulting coe5cients used in Eqs. (12) through (14). 
The results were the Same as for the sixth-order fit to 
within a few percent @I= -9 .02XlP,  &= 1.71X1P1, 
r= 4.46x 1V6, and (dB/dT)  = 6.47x lO+). 

Comparing the calculated data in Table I for the 
two cases, it is seen that the (dB/dT) value for the 
anisotropic case is in considerably better agreement 
with the experimental value than (dB/dT)  for the iso- 
tropic case ; this agreement is a valuable internal check 
on the model and assumptions employed. 

From Table I, the effect of the P, dependence of the 
0. polarizability is to “soften” the potential energy; 
that is, 81 for the anisotropic case is smaller than for 
the isotropic case. In neither case, however, does + 
have a minimum other than the origin. The reason for 
this alteration in tp for small displacements is that the 
0. polarizability decreases with the Ti shift. Conse- 
quently, for an equivalent Ti shift, the resulting polari- 
zation energy for the anisotropic case is larger (smaller 
negatively) than for the isotropic case, and correspond- 
ingly the value of 4 which balances the negative 
polarization energy need not be so large for the former 
as for the latter case. 

Triebwasser’s treatment of the Lorentz correction 
in BaTiOa consisted in performing the above calcula- 
tions using the neutron-diffraction data for the sub- 
lattice shifts; three cases were considered where, in 
each case, the nonlinear ionic polarizability resulting 
from tp, Eq. (4) was attributed to a Merent ion 
(Ti, 0,, or Ob). These calculations assumed the elec- 
tronic polarizabilities to be linear and isotropic, and 
the absolute rather than the relative sublattice shifts 
were considered. Triebwasser found fair agreement for 
the (dB/dT) calculated for each of these three cases, 
but these results should be interpreted with caution 
since only relative sublattice shifts should enter the 
local fields, and moreover the form of in Eq. (4) is 
valid only for a cubic environment, and the 0, and Ob 
ions do not have this environment. In fact, Triebwasser 
Gnds the best agreement between the calculated and 
experimental values of (dB/dT) for the case of the 0. 
ion. 
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III. ZERO-TEMPERATURE APPROXIMATIOR puter. In solving Eqs. (5) ,  the cro,(P,) relation is of 
FOR TETRAGONAL BaTiOa course employed. 

It is of interest to perform a molecular-model calcu- 
lation for tetragonal BaTi03 wherein the internal energy 
per unit cell is minimized for the clamped crystal; this 
calculation will employ the polarizability data and po- 
tential-energy data derived in the above sections. 

The clamped crystal at 0°K should be a good ap- 
proximation of the actual crystal for two reasons. 
First, the strain of the unit cell introduces additional 
ionic polarization and, at the same time, decreases the 
Lorentz correction at  the Ti and 0, sites,8 thus decreas- 
ing the electronic polarization. Consequently, there is 
some cancellation between these two effects resulting 
from the lattice distortion. Secondly, the strain energy 
terms in the free energy contribute negatively because 
of the volume expansion at the Curie point, and there 
is some cancellation betxeen these terms and the posi- 
tive terms which depend linearly on temperature. 

Limiting ourselves to Ti shifts along the z axis to 
correspond with the tetragonal phase, the potential 
energy per unit volume to be minimized is given by 

u- uO = - (a2+ h d +  a6) - +P;El- P$Ej. (1 7 )  

The last term in Eq. (1 7) represents the total electronic 
polarization energy per unit volume, and uo is the un- 
polarized energy density. The factor 3 in the thiid 
term arises from the fact that in the absence of an 
external field we must count dipole interactions once, 
not twice. Invoking the polarizability relations, Pj 
= (crj/r)Ej, and writing z= rPl'/ize, where T is the unit 
cell volume, Eq. (17) becomes 

u- uo= - [ C X ( P ~ ' ) ~ + ~ ~  (r/e)* (P1')4+r (~/ /e) ' (P1')~1 

a LP* 1 

T 

7 

t 

where a, 81, and y are the modified force constants 
discussed in the previous section, and we have used 
Eq. ( 7 )  in the last term of Eq. (18). We may approxi- 
mate the integral in Eq. (18) by noting that the local 
field a t  the 0, site is approximately proportional of 
the spontaneous polarization, and so this last term in 
Eq. (18) becomes 

h- (01&22/2r)[l- kR1P:- g(RP-R12)P,4 
-i (Kl3+K3-2K1K2)Pa6]. (19) 

The energy density u-uo is minimized as follows: For 
a given value of Pl, the Eqs. (5) are solved for the Pj 
and for Ez using the polarizability relations, and these 
solutions are substituted in Eq. (18) and (19) to deter- 
mine u-uo. Perturbing P; yields a new value of u-uo, 
and, in this fashion, the minimum value of u--uo is 
determined by a relaxation procedure on a digital com- 

These cilckations yield the electronic polarizations 
and PI' at minimim internal energy, a d  from PI' 
= ( n e Z ) / r  the equilibrium shift of the Ti ion relative 
to the oxygen framework may be found, if n is known, 
the number of effective electronic charges on the Ti 
ion. Kinase and Takahashi have developed a quanti- 
tative molecular theory of the spontaneous deformation 
of BaTiO,, and these authors find good agreement with 
the measured deformation parameters, if n is taken to 
be 2.12. Alternately, the room-temperature neutron- 
diffraction data and polarizability data, including the 
nonlinear 0, polarizability data, can be used to solve 
for that value of n which yields the room-temperature 
spontaneous polarization,u 77000 esu. In this case, 
however, one solves for the ionicity of the crystal 
whereby each ion is assumed to carry the same fraction 
of its full ionic charge. This calculation was performed 
on a computer which matched the ionicity and the 
spontaneous polarization, and i t  mas found that an 
ionicity of 70% yielded 77000 esu; consequently, for 
Ti, n= 2.80. It is not surprisii that this value for tz is 
somewhat larger, since this calculation employs smaller 
oxygen polarizabilities compared to the previous values 
used in the literature. 

The results of these calculations are shown in Table 
I1 with the corresponding experimental data on tetrago- 
nal BaTiO3. It is seen from Table I1 that the 0°K 
clamped crystal model of BaTi03 that attributes the 
ionic polarization to the Ti ion and accounts for the 
nonlinear 0. polarizability represents a quite good ap- 
proximation to the actual tetragonal crystal; moreover, 
the results in Table I1 lend validity to the data derived 
in previous sections and the assumptions employed. 

The same calculations leading to the data in Table 
I1 were also performed, ignoring the nonlinearity of the 
0, polarizability [Le., setting KI=K2=K3=0 in Eqs. 
(1)  and (19)] and using the isotropic-case data of 
Table I. It was found for this case that P,= 667 OOO 
esu and Z= 1.5 A. These results reveal the sensitivity 
of the calculations to the oxygen polarizability, since 
a3 and (~~(70000  esu) from Eq. (1)  differ by about 
15%, and indicate the incompleteness of any molecular 
model of BaTiOI that neglects the nonlinearity of the 
oxygen polarizability. 

TABLE 11. Zero-temperature, clamped-crystal approximation of 
tetragonal BaTiOt (numerical ion designation given in Fig. 1). 

observed Quantity Calculated 
59 600 55 000-78 O00 
53.2% ... 
58.4% ... 
- 6.670 ... 
-5.3% ... 
0.15-0.20. 0.144.18 

Calculated using an effective ionic charge for Ti of 2.12-2.80. 
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IV. ZERO-TEMPERAT= APPROXIMATIONS 
OF ORTHORHOMBIC ARD RHOMBO- 

HEDRAL BaTiOs 

The results of the calculations for tetragonal BaTi01 
in the previous section suggest and encourage similar 
calculations for the two lower temperature phases of 
BaTiOa. On cooling through 5"C, tetragonal BaTi01 
transforms to an orthorhombic phase with the spon- 
taneous polarization along one of the original cubic 
(110) directions, and below -90°C a rhombohedral 
phase appears with the spontaneous polarization along 
an original cubic (111) direction.' The potential energy 
data in Table I can be used to construct 4 for each of 
these two phases, and the nonlinear 0, and Ob polariza- 
bilities for these two phases are obtainable from Eqs. 
(1) and (2) by considering components of the Ti shift 
along the x ,  y, and z axes. 

A. Orthorhombic Phase 

For the orthorhombic phase, we consider a clamped 
crystal polarized along [Oll], and it can be shown that 
for this case 

(TiJ ortho= - $ (Tij)tet , (20) 

where the (Ti,)* correspond to the clamped crystal 
polarized along [Ool] and were used above. Because of 
this simple relation, Eq. (20), the local fields for 
the tetragonal phase given by Eqs. (5) are correct for 
this phase also; that is, using the (Tij)ortho in Eqs. (5) 
describes the local fields a t  the actual ion sites for the 
orthorhombic phase. 

The clamped-crystal calculations for this phase were 
programmed for the Ti shift along [Ol l )  in the plane 
of the o b  ions, Fig. 1 ;  a2 was assumed isotropic and 
the nonlinearity of a3 and a5 was determined from Eqs. 
(1) and (2). These calculations are a direct extension 
of the tetragonal phase calculations, and the results 
are shown in Table III. 

It is seen from Table 111 that the clamped-crystal 
0°K approximation based on the molecular model and 
employing the polarizability and potential energy data 
yields results in good agreement with the observed 
data. Moreover, these model calculations indicate that 
the orthorhombic phase is the lower temperature phase 

TABLE III. Zero-temperature, clamped-aystal approximation of 
orthorhombic BaTiOa (numerical ion designation given in Fig. 1). 

Quantity calculated Observed 

42 OOO. ... P. ( e 4  33 2so 
Pl'lP, 443.9% 

-11.0yo PdP, ... 
... 29.1% 

8.9% 
0.07-0.09 

... 
0.13 k 

= According to  Merz (Ref. 21): 
b The Ob1 and 06% ions are equivalent. 
0 According to Shirane (Ref. 18). 

compared to the tetragonal phase, since the calculated 
spontaneous polarization for the orthorhombic phase 
(33 250 esu) is lower than that calculated for the 
tetragonal phase (59 600 esu). 

These results for the orthorhombic phase lend addi- 
tional support to the model and the data, and the can- 
cellation effects in the free energy discussed above for 
the tetragonal phase apply here also since there is a 
volume expansion anomaly in the tetragonal-orthor- 
hombic transition. 

Ultimately, the model which attributes the ionic 
polarization to the Ti ion works as well as it does for 
the orthorhombic phase because the oxygen octahedron 
shifts approximately as a unit,18 as in the tetragonal 
phase. 

B. Rhombohedral Phase 

The clamped-crystal model of the rhombohedral 
phase assumes a cubic cell polarized along [lll], and 
for this case we have 

so that the Lorentz factors in Eq. (5) reduce to the 
ordinary Lorentz factor, 4~/3(-4.2). For this case, 
the o,, Obi, and Ob2 ions are equivalent, and Eqs. (5)  
are solvable by a hand calculation. However, when the 
internal energy, Eq. (18), is minimized, for this case, 
with the Ti shift along [111], it is found that the 
average Lorentz factor must be at least 5.1 for a mini- 
mum to exist, using the appropriate potential energy 
data and nonlinear oxygen polarizability data. That is, 
these data indicate that the clamped crystal a t  0°K 
polarized along [lll] is unstable in the dipole 
approximation. 

To interpret this result, it is necessary to bear in 
mind the reasons why the clamped crystal a t  0°K is a 
good approximation for the tetragonal and orthor- 
hombic phases ; namely, the strain polarization is com- 
pensated by the reduced electronic polarization for 
the strained crystal, and the volume expansion anomaly 
gives rise to negative strain energy terms which com- 
pensate the positive temperature terms in the free 
energy. This is not the case for the rhombohedral 
phase: There is a volume contraction associated with 
the transition from orthorhombic to rhombohedral,'s-20 
and the strain polarization is relatively much larger 
because the geometric Tsj dipole coupling factors 
vanish for this case. 

Since these calculations show the rhombohedral 
phase to be unstable in the dipole approximation, it is 
of interest to carry the calculations to a higher approxi- 
mation by including the distortion of the unit cell in 
the TCj factors. This effectively amounts to including 

G. Shirane, H. Danner, and R. Pepinsky, Phys. Rev. 105, 

lD H. F. Kay and P. Vousden, Phil. Mag. 40, 1019 (1949). 
m G. S h e  and A. Takeda, J. Phys. Soc. Japan 7, 1 (1952). 

856 (1957). 
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FIG. 3. The role of the an lar shear in stabilizing a spontaneous 
polarization a l o n g ~ l l ]  in rhombohedral BaTiOl. 

quadrupole terms, since we shall now consider products 
of electronic moments and ion shifts. 

We may approximate the rhombohedral cell as a 
pseudocubic cell with the original orthogonal axes each 
sheared by a small angle # so as to elongate the cell 
along [ill] which is the polar axis. Consequently, the 
vector separation between an ith ion a t  the origin and 
a j th  ion is given by 

r ied( l++++) l+  (m+W++P 

where the translation indices (Z,m,n) locate the j t h  ion 
relative to the ith ion in the cubic unit cell. The cell 
constant is UO, and the small angle approximation has 
been used. 

Using this vector separation, we find for the geo- 
metric Lorentz factors to first order in $, 

+ (n+l#+M)31 , (22) 

(Tij)rhomb 

-4(Tij)ta (23) 1 n2 
<I 12 c - [  ( 1  .n.n) ii (P+ m*+ n2)5D 

In deriving Eq. (23) we have neglected the cross terms 
which do not come from the near neighbors. The sums 
indicated in Eq. (23) are easily computed to an ac- 
curacy of f0.01, and, by combination with the (Ti&, 
the (Tij)rhomb are found. Table N summarizes these 
data. We first note from Table IV that the shear of the 
unit cell appears to increase the Lorentz factors in 
marked contrast to the tetragonal phase where the 
longitudinal strain of the unit cell decreases these 
factors.* In particular, a 1% strain for the tetragonal 
phase decreases the Ti-0, Lorentz factor from 34.27 
to 33.68 (ordinary Lorentz correction included), a 
1.7% decrease; from Table IV, a 1% shear increases 
the Ti-0 Lorentz factor from 4.19 to 5.59, a 33% 
increase. 

Before turning to the computations for the rhombo- 
hedral phase, the question of the ionic polarization 
must be considered. We shall consider a “pseudo- 

clamped” unit cell which has been elongated along the 
jlll] polar axis according io Eq. (22), but only the 
Ti ion shift from the sheared position will be con- 
sidered. That is, we will neglect the shift of the other 
ions from their sheared positions. Consequently, the 
relative shifts of the ions arising from the shear are 
asymmetric about any ion position and sum to zero 
for the near dipole interactions (i.e., the quadrupole 
ionic polarization terms in #2 sum to zero). The local 
fields a t  the ion sites arising from the Ti ionic palariza- 
tion P< are not correctly given by Eq. (5) for the 
rhombohedral phase, since the form of Eq. (5) results 
from the symmetry properties of the (T&. Consider- 
ing the relative shifts between the sheared and shifted 
Ti sublattice and the other sheared sublattices, we 
find that the local fields are given by 

where nj is the number of effective ionic charges on 
the j t h  ion, and the ratios nj/nl are assumed the same 
as the ratios of the full ionic charges (i.e., each ion is 
assumed to cany the same fraction of its full ionic 
charge). In writing down Eqs. (24), we have ignored 
the ionic polarization resulting from the shear of the 
unit cell, and instead the ionic polarization is attributed 
entirely to the PI‘; the reason for this is that relative 
to the origin in Eq. (22) the ionic moments of the unit 
cell associated with the shear cancel exactly. 

Using the data of Table IV in Eqs. (24) and empioy- 
ing the appropriate potential energy data and the non- 
linear as, a3, and a6 polarizability data, energy minimi- 
zation computations were programmed for several 
values of # ; the results of these calculations are shown 
in Fig. 3 which indicates the spontaneous polarization 
P. resulting from a given shear #. 

It is seen from Fig. 3 that the shear of the unit cell 
has a pronounced effect on the spontaneous polarization 
along the [111] direction and that this polarization 
becomes unstable for shear values less than about 273’ 

TABLE IV. Quadrupole coupling coefficients for the rhombohedral 
unit cell (numerical ion designation given in Fig. 1). 

(;,A (Tij)hrnbl+ 

91.3 
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in this approximation. A shear of 30' yields the ob- 
served plariiatioan of 41000 esu, and at +& shear 
value the self-consistent local field relations Eq. (24) 
show that at  minimum energy, the contributions of the 
various polarizations are PI'/P.= 29.1%; P2/P.=Pa/P. 
= P,/P,= 17.1%; PJP.= 17.9%. These data indicate 
a Ti shift of 0.0564.073 A along the pseudocubic [111] 
direction, for n1=2.12-2.80 electronic charges. 

The computed shear of 30' is in satisfactory agree- 
ment with the x-ray value" of 8') considering the ap- 
proximations and assumptions used. In particular, the 
coefficients of the sixth-order terms in Eq. (4) were 
assumed equal, and this assumption affects the rhombo- 
hedral phase calculations more than the tetragonal phase 
(z=y=O) or orthorhombic phase (z=O) calculations. 

We also note from these data and the data in Tables 
11 and 111 that the Ba ion plays an increasingly more 
important role in going from the tetragonal phase 
(PJP.= - 5.3%) through the orthorhombic phase 
(PJP.=S.9%) to the rhombohedral phase (PJP. 
= 17.9%). Consequently, the approximation of neg- 
lecting the Ba ionic polarization becomes less valid 
for these lower temperature phases. This may be seen 
in Table I11 where the calculated value of P. is 20% 
lower than the observed value, and this is probably 
due, in part, to neglecting the Ba ionic polarization. 
Also, the effect of including the Ba ionic polarization 
in Fig. 3 would be to shift the curve to smaller shears, 
since from Table IV the Ti-Ba quadrupole interaction 
is quite large. 

V. SUMMARY AXTO DISCUSSION 

In the above sections, we have investigated the 
polarization dependence of the electronic polarizability 
of the oxygen ions in ferroelectric BaTiOs using data 
estimated from the optical properties of tetragonal 
and cubic BaTiOt. A free-energy function for the 
clamped crystal was derived and compared to the 
adjusted experimental function; it was assumed that 
the CYO,(P.) data for the free crystal could be used for 
the clamped crystal in constructing the'damped- 
crystal free energy. Minimum energy calculations were 
performed for the tetragonal, orthorhombic, and rhom- 

21 W. J. Men, Phys. Rev. 76, 1221 (1949). 

bohedral phases using the potential energy data derived 
fro= the conpzrism of %e= free efiergies. 

The agreement between the calculated and experi- 
mental (dB/dT)  values in Table I (anisotropic case) 
indicates the importance of the polarizability anisotropy 
of the 0, ion in the tetragonal phase, and, in particular, 
the results shown in Table 11 illustrate the role of this 
anisotropy in l i m i t i n g  the spontaneous polarization in 
tetragonal BaTiOs The agreement between the cal- 
culated and observed data for the spontaneous polari- 
zation and Ti shift for the tetragonal, orthorhombic, 
and rhombohedral phases indiates that these aspects 
of ferroelectricity in BaTiOa can be understood in 
terms of the point-dipole theory without invoking un- 
reasonable values for the ionic charges or polariza- 
bilities, if the polarizability anisotropy of the oxygen 
ions is taken into account. The calculations also reveal 
that the neglect of the Ba ionic polarization is a serious 
defect of the Slater model for the orthorhombic and 
rhombohedral phases. 

The Occurrence of ferroelectricity in solids presents 
the opportunity of studying dielectric phenomena under 
conditions which can be more closely controlled and 
parameterized than in the case of paraelectric crystals. 
Consequently, the various electro-optic &e& can be 
separated and studied individually, and the electronic 
polarizability anisotropies deduced in this fashion from 
optical data may then be used in studies of the low- 
frequency ferroelectric properties. In this way, the 
change in the electronic polarizabilities of the ions 
with polarization, a central problem in dielectric theory, 
can be investigated directly in ferroelectric crystals. 
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